Abstract. We establish in this note some Cauchy-Schwarz-type inequalities on compact Kähler manifolds, which generalize the classical Khovanskii-Teissier inequalities to higherdimensional cases. Our proof is to make full use of the mixed Hodge-Riemann bilinear relations due to Dinh and Nguyên. A proportionality problem related to our main result is also proposed.
Introduction and main results
Suppose X is an n-dimensional algebraic manifold and D 1 , D 2 , . . . , D n are n (not necessarily distinct) ample divisors on X. Then we have the following opposite Cauchy-Schwarz-type inequality,
where [·] denotes the intersection number of the divisors inside it and the equality holds if and only if the two divisors D 1 and D 2 are numerically proportional.
(1.1) was discovered independently by Khovanskii and Teissier around in 1979 ( [9] , [11] ) and now is called Khovanskii-Teissier inequality. This equality is indeed a generalization of the classical Aleksandrov-Fenchel inequalities and thus present a nice relationship between the theory of mixed volumes and algebraic geometry ( [6, p. 114] ). The proof of (1.1) is to apply the usual Hodge-Riemann bilinear relations ( [7, p. 122-123] ) to the Kähler classes determined by these divisors and an induction argument. The approach also suggests that the usual Hodge-Riemann bilinear relations may be extended to the mixed case. After some partial results towards this direction ( [8] , [13] ), this aim was achieved in its full generality by Dinh and Nguyên in [2] .
We would like to point out a fact, which was not mentioned explicitly in [2] , that (1.1) can now be extended by the mixed Hodge-Riemann bilinear relations as follows. Suppose ω, ω 1 , ω 2 , . . . , ω n−2 are n − 1 Kähler classes and α ∈ H 1,1 (M, R) an arbitrary real-valued (1, 1)-form on an n-dimensional compact connected Kähler manifold M . Then we have
where the equality holds if and only if α ∈ Rω. Indeed, [2, Theorem A] tells us that the index of the following bilinear form
is of the form (+, −, · · · , −), i.e., the positive and negative indices are 1 and h 1,1 − 1 respectively, where h 1,1 is the corresponding Hodge number of M the dimension of H 1,1 (M, R) . Define a real-valued function f (t) := Q(ω + tα, ω + tα) (t ∈ R). Then f (0) > 0 as ω, ω 1 , · · · , ω n−2 are all Kähler classes and thus their product is strictly positive. ω + tα spans a 2-dimensional subspace in H 1,1 (M, R) if α and ω are linearly independent and thus f (t 0 ) < 0 for some t 0 ∈ R in view of the index of Q(·, ·). Then the discriminant of f (t) gives (1.2) with strict sign " > ".
When these Kähler classes are all equal: ω = ω 1 = · · · = ω n−2 , (1.2) degenerates to the following special case:
which is quite well-known and, to the author's best knowledge, should be due to Apte in [1] . Inspired by (1.4), the author asked in [10] whether or not there exists a similar inequality to
) and obtained a related result ([10, Theorem 1.3]), whose proof is also based on the usual Hodge-Riemann bilinear relations. As an application we presented some Chern number inequalities when the Hodge numbers of the manifolds satisfy some constraints ([10, Corollary 1.5]). Now keeping the mixed Hodge-Riemann bilinear relations established in [2] in mind, we may also ask if the main idea of the proof in [10] can be carried over to the mixed case to extend the α in (
The answer is affirmative and this is the main goal of our current article. So this article can be viewed as a sequel to [10] , which explains its title either.
Our main result (Theorem 1.3) will be stated in the rest of this section. In Section 2 we briefly review the mixed Hodge-Riemann bilinear relations and then present the proof of Theorem 1.3. In Section 3 we discuss a proportionality problem related to (1.1) posed by Teissier and propose a similar problem related to our main result.
In order to state our result as general as possible, we would like to investigate the elements in H p,p (M, C), i.e., complex-valued (p, p)-forms on M . The following definition is inspired by (1.2) and is a mixed analogue to [10, Definition 1.1].
α is said to satisfy Cauchy-Schwarz (resp. opposite Cauchy-Schwarz) inequality with respect to the Kähler classes ω and (
if and only if α =ᾱ. Also note that g(α, ω; Ω p ) in the above definition is a real number and so we can discuss its non-negativity or non-positivity.
The main result of this note, which extends [10, Theorem 1.3] to the mixed case, is the following 
(2) All elements in H 1,1 (M, C) satisfy opposite Cauchy-Schwarz inequality with respect to any Kähler classes ω and (ω 1 , . . . , ω n−2p ). 
Moreover, in all the cases mentioned above, the equalities hold if and only if these α are proportional to ω p .
The first part of the following corollary extends the Khovanskii-Teissier inequalities (1.1) and (1.2).
for any Kähler classes ω, ω 1 , . . . , ω n−2 and any α ∈ H 1,1 (M, C), where the equality holds if and only if α ∈ Cω. , the author described in detail many examples of compact connected Kähler manifolds whose Hodge numbers satisfy h 1,1 = 1 and h 1,1 = h 2,2 respectively. These include the complete intersections in complex projective spaces, the complex flag manifolds G/P max (G is a semisimple complex Lie group and P max is a maximal parabolic subgroup of G), the one point blow-up of complex projective spaces and so on.
Proof of the main result
2.1. The mixed Hodge-Riemann bilinear relations. In this subsection we briefly recall the mixed Hodge-Riemann biliner relations established in [2] by Dinh and Nguyên.
As before denote by M an n-dimensional compact connected Kähler manifold. We arbitrarily fix two non-negative integers p, q such that p, q ≤ [ n 2 ] and n − p − q + 1 Kähler classes ω, ω 1 , . . . , ω n−p−q on M . Put Ω := ω 1 ∧ · · · ∧ ω n−p−q . Define the mixed primitive subspace of H p,q (M, C) with respect to ω and Ω by (2.1)
Define the mixed Hodge-Riemann bilinear form Q Ω (·, ·) with respect to Ω on H p,q (M, C) by and Q(·, ·) respectively in [2] . We use the current symbols to avoid confusion as they stress the dependence on the choices of ω and Ω, whose advantage will be clear in the process of our proof in Theorem 1.3 in the next section.
With the above notation understood, we have the following remarkable result due to Dinh and Nguyên in [2, Theorems A,B,C], which extends the classical Hodge-Riemann biliner relations.
Theorem 2.2 (mixed Hodge-Riemann bilinear relations). (1) (mixed Hard Lefschetz theorem) The linear map
given by
is an isomorphism. (2) (mixed Lefschetz decomposition) We have the following canonical decomposition:
Here Remark 2.3. Note that P p,q (M ; ω, Ω) depends on ω and Ω while H p,q (M, C) is clearly independent of them. This means, if we fix ω but change ω 1 , . . . , ω n−p−q , then Ω is also changed respectively and so is P p,q (M ; ω, Ω). But the mixed Lefschetz decomposition theorem tells us that (2.4) remains true. So the reference Kähler classes ω, ω 1 , . . . , ω n−p−q in context should be clear when we apply (2.4). For unambiguity we shall use the sentence "We apply (2.4) to α ∈ H p,q (M, C) with respect to the reference Kähler classes ω and (ω 1 , . . . , ω n−2p )" to emphasize it. This notation will play a key role in the proof of (2.6) Lemma 2.4.
2.2.
Proof of Theorem 1.3. We now apply the mixed Hodge-Riemann bilinear relations to prove our Theorem 1.3.
The following lemma uses the full power of (2.4).
Lemma 2.4.
where h p−1,q−1 := 0 if either p = 0 or q = 0. This means that the dimension of P p,q (M ; ω, Ω) is independent of ω and Ω and only depends on the complex structure of M .
] and ω, ω 1 , . . . , ω n−2p be n − 2p + 1 Kähler classes. Put Ω p := ω 1 ∧ · · · ∧ ω n−2p . Then this α can be written as follows.
where λ ∈ C and 
Proof.
(1) The usual Hard Lefschetz theorem ( [7, p. 122] ) tells us that the map
is an isomorphism. This means that, for p + q ≤ n − 1, the map
is injective and consequently
, which, together with (2.4), leads to (2.5). (2) The strategy for proving (2.6) is to apply (2.4) repeatedly to yield the desired α i .
We first apply (2.4) to this α with respect to the reference Kähler classes ω and (ω 1 , . . . , ω n−2p ) to yield α p :
We continue to apply (2.4) toα p−1 ∈ H p−1,p−1 (M, C) with respect to the reference Kähler classes ω and (ω, ω, ω 1 , . . . , ω n−2p ) to yield α p−1 :
Obviously the next step is to apply (2.4) toα p−2 ∈ H p−2,p−2 (M, C) with respect to the reference Kähler classes ω and (ω, ω, ω, ω, ω 1 , . . . , ω n−2p ) to obtaiñ
Now it is easy to see that repeated use of (2.4) toα p−i determined byα p−i+1 with respect to the Kähler classes ω and (ω, . . . , ω 2i copies , ω 1 , . . . , ω n−2p ) yields the desired α p−i :
This completes the proof of (2.6).
(3) We now know from (2.6) that This means that (2.9) and (2.10) can be simplified via (2.11) as follows.
Integrating (2.12) and (2.13) over M deduces that (2.14)
, and (2.15)
(2.8) now follows from substituting the two expressions in (2.14) for the λ andλ in (2.15).
Now we are ready to prove Theorem 1.3, our main result in this article.
Proof. It suffices to prove the first part in Theorem 1.3 as the resulting two cases are similar. We first show the "if" part of (1) in Theorem 1.3.
